Abstract. In this paper, we give a combinatorial description of the homotopy groups of a wedge of spheres. This result generalizes that of J. Wu on the homotopy groups of a wedge of 2-spheres. In particular, the higher homotopy groups of spheres are given as the centers of certain combinatorially described groups with special generators and relations.
Introduction
Recall that a simplicial set K is a sequence of sets K = {K 0 , K 1 , · · · , K n , · · · } together with face operators d i : K n → K n−1 and degeneracy operators s i : K n → K n+1 for each 0 ≤ i ≤ n. These operators satisfy the well-known simplicial identities [1, 2] .
Given a reduced simplicial set X which satisfies X 0 = { * }, D. M. Kan [3] gave a loop construction on X as GX which satisfies the extension condition. Its geometric realization |GX| is homotopy equivalent to Ω|X|. For a reduced simplicial set X, we can define its homotopy groups as π * (X) = π * −1 (GX). For instance, the n-sphere S n is a reduced simplicial set having only two nondegenerate simplices, a vertex * and n-simplex σ n . We define its homotopy group as π * (S n ) = π * −1 (GS n ). In [4] , J. Wu gave a combinatorial description of the homotopy groups of a wedge of 2-spheres. It was the first time that all the homotopy groups of a 2-sphere were described. In this paper, we will generalize J. Wu's result by combinatorially describing the homotopy groups of a wedge of spheres in various dimensions. In particular, the higher homotopy groups of spheres are the centers of certain combinatorially described groups with special generators and relations.
Before stating our main result, we list some group-theoretical descriptions. We let G be a group and [x, y] = x −1 y −1 xy for x, y ∈ G. Definition 1.1. A commutator bracket arrangement of weight n in a group G is a map β n : G n → G defined inductively. First we define β 1 = id G and β 2 (a 1 , a 2 ) = [a 1 , a 2 ] for any a 1 , a 2 ∈ G. Suppose that the commutator bracket arrangements of 372 HAO ZHAO AND XIANGJUN WANG weight k have been defined for 1 ≤ k < n with n ≥ 3. A map β n : G n → G is called a commutator bracket arrangement of weight n if β n is the following composite:
for some commutator bracket arrangements β k and β n−k of weight k and n − k, respectively, with 1 ≤ k < n.
Remark. β
n is a notation for some commutator but is not a function of n. Given Let α∈J S n α+1 be the wedge of spheres with indent set J and n − 1 > n α ≥ 1 for all α ∈ J. Then our main theorem can be stated as follows.
) is isomorphic to the center of the group
modulo the normal subgroup generated by
where F {} is the free group functor, the definition of ξ
will be given in Section 3 and
t runs over all of the commutator bracket arrangements of weight t, where [n/max{n α |α ∈ J}] means the nearest integer which is less than n/max{n α |α ∈ J}.
The article is organized as follows. In Section 2, we will give some preliminaries on the simplicial groups and the combinatorial description of the intersections of certain subgroups in free groups. In Section 3, a transformation on the generators of Milnor's construction (F S n α ) n will be given, and the proof of our main theorem will follow in Section 4.
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Preliminaries on simplicial groups and free groups
A simplicial group G is a simplicial set with every G n a group and both the face operator and the degeneracy operator are group homomorphisms. A simplicial group G is called free if each G n is a free group and the given bases are stable under all degeneracy operators; that is, if x ∈ G n is a basis element, then s i x ∈ G n+1 is also a basis element for each 0 ≤ i ≤ n (see [3, 5] ). The geometric realizations of simplicial groups are topological groups in the category of compactly generated weak Hausdorff spaces.
A simplicial group satisfies the extension condition such that its homotopy groups can be defined. Given a simplicial group G, its Moore chain complex (
Considering the homotopy groups of simplicial groups, the classical Moore theorem states that
Thus in order to determine the homotopy groups of a topological space X, we need to complete the following two steps:
(1) Find a suitable simplicial group model for X.
(2) Determine the Moore cycles and boundaries of the simplicial group.
Definition 2.1 ([4]). A simplicial group G is said to be r-centerless if the center
In what follows, we give an important theorem which will be needed in the proof of our main theorem.
Theorem 2.2 ([4]). Let G be a reduced r-centerless simplicial group. Then we have
Now let us consider the intersection of the kernels of projection homomorphisms between free groups. Let S be a set and T j be a subset of
First, we define
So after finite steps, we can get
A(T 1 , · · · , T k ).
Theorem 2.3 ([4]). Let S be a set and T j be a subset of S for
For a pointed simplicial set K, the Milnor construction of K is F K, which is a free simplicial group model for ΩΣ|K| (see [6] ), where |K| is the geometric realization of K. For an n α -sphere S n α with n α ≥ 1, its Milnor construction is F S n α . By a Tietze transformation (see [7] ), for n > n α , we will inductively define a family of generators for (F S n α ) n as
, where n > n α and F {} is the free group functor.
Suppose that for 0 < j ≤ n α , ξ
where we let i n α +1 = n and i 0 = −1. We define
By an easy verification, we get that
It follows that
So after finite steps, we get Proposition 3.1. For n > n α , we have
Now let us consider the face operators on the above generators. For any
Proof. We prove the above result by induction. First, since
Inductively, for any 0 ≤ j < n α , we suppose that ξ
We can see that for j = 0, if j < t, then (A) is satisfied. If j ≥ t, which shows that t = j = 0, only one case appears, that is, i 1 ≥ s > i 0 + 1 = 0, while the other case i ≥ s = i 0 + 1 = 0 does not appear due to s > 0. This shows that (B) is satisfied. Hence the first step of our induction works.
For
Stated as above, for any 1 ≤ s ≤ n, there is some 0 ≤ t ≤ n α such that i t+1 ≥ s ≥ i t + 1. If t = j + 1, we argue in the following three cases.
Similarly, we can show that for t > j + 1, (A) is satisfied; for t < j + 1, (B) is satisfied. So after finite steps, the desired result follows. This finishes our proof.
Corollary 3.3. The face operator d s in Proposition 3.2 is a projection homomorphism up to an isomorphism.
Proof. Let
Then we have the following commutative diagram:
Then the assertion follows from the commutative diagram.
Proposition 3.4. For any
Proof. The proof is similar to that of Proposition 3.2 by a slight modification.
Proof of Theorem 1.2
Given the wedge of spheres α∈J S n α with index set J and n − 1 > max{n α |α ∈ J} ≥ 1, the Milnor construction of α∈J S n α is F ( α∈J S n α ) whose geometric realization is homotopic equivalent to ΩΣ α∈J S n α . Our combinatorial description of π n+1 ( α∈J S n α +1 ) will follow from our general results on simplicial groups and free groups in Section 2 together with determination of the Moore chain complex (N F ( α∈J S n α ), d 0 ). By Proposition 3.1, we can see that
where 0 ≤ j ≤ n − 1. According to Corollary 3.3, for 1 ≤ s ≤ n, the face operator
n generated by all of the commutators of the form
t runs over all of the commutator bracket arrangements of weight t.
Proof. The proof of this lemma is similar to that of Theorem 4.5 in [4] . 
In Theorem 1.2, if n α = 1 for all α ∈ J, then F ( α∈J S 1 ) n is freely generated by However it remains to be seen whether new knowledge about the unidentified higher homotopy groups of spheres can be obtained through the methods of [10] . We hope that our work gives a good start.
